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Abstrat
We onsider a lass of eletromagneti elds that ontains rossed elds ombined with longitudinal
eletri and magneti elds. We study the motion of a lassial partile (solutions of the Lorentz
equations) in suh elds. Then, we present an analysis that allows one to deide whih elds from
the lass at as a beam guide for harged partiles, and we nd some time-independent and time-
dependent ongurations with beam guiding properties. We demonstrate that the Klein-Gordon and
Dira equations with all the elds from the lass an be solved exatly. We study these solutions,
whih were not known before, and prove that they form omplete and orthogonal sets of funtions.
1 Introdution
Relativisti wave equations (Dira and KleinGordon) provide a basis for relativisti quantum mehanis
and QED of spinor and salar partiles. In relativisti quantum mehanis, solutions of relativisti wave
equations are referred to as one-partile wave funtions of fermions and bosons in external eletromagneti
elds. In QED, suh solutions permit the development of the perturbation expansion known as the Furry
piture, whih inorporates the interation with the external eld exatly, while treating the interation
with the quantized eletromagneti eld perturbatively [1, 2, 3, 4, 5℄. The most important exat solutions of
the KleinGordon and Dira equations are: solutions with the Coulomb eld, whih allow one to onstrut
the relativisti theory of atomi spetra [6℄, solutions with a uniform magneti eld, whih provide the
basis of synhrotron radiation theory [7℄, and solutions in the eld of a plane wave, whih are widely used
for alulations of quantum eets involving eletrons and other elementary partiles in laser beams [8℄.
Another physially important lass of eld ongurations (for solving the relativisti wave equations) is
a superposition of rossed elds and longitudinal elds. Solutions of relativisti equations with elds of
this type were rst studied by Redmond [9℄. The Redmond onguration is a plane-wave ombined with
a onstant longitudinal magneti eld. The orresponding solutions have wide spread appliations, for
example, in plasma physis [10℄ and ylotron resonane [11℄. In the works [12, 13, 14℄ exat solutions of
the relativisti wave equations with a generalized Redmond onguration (Redmond eld plus longitudinal
eletri elds) were found and used to alulate dierent quantum eets. In [15℄ the author has presented
another generalization of a rossed eld, whih is a partiular (the simplest) ase of a vortex eld [16, 17℄
(eletromagneti waves with vorties play a entral role in singular optis [18℄). He studied exat solutions
of relativisti wave equations in suh a eld and he has disovered that it an be used to reate a beam
guide for harged partiles.
In the present artile we represent and study new solutions of the KleinGordon and Dira equations
with a new lass of elds, whih is a ombination of rossed and longitudinal eletromagneti elds. For
the rossed elds Ez = Hz = 0, Ex = Hy and Ey = −Hx, and they depend on the time t and on the
oordinate z via a light-one variable ξ = ct− z. In the general ase, the amplitudes of the rossed elds
an also ontain a linear ξ-dependent ombination of the oordinates x, y. Thus, we an interpret the
rossed elds as plane-waves with amplitudes linearly dependent on the oordinates x, y. One ought to say
that this ombination of rossed and longitudinal elds form a lass whih is desribed by several arbitrary
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ξ-dependent funtions. This ombination of eletromagneti elds is physially interesting, sine some
ongurations at as beam guides for harged partiles in a similar fashion to whih the vortex eld ats
in the work [15℄. The aforementioned vortex eld is a partiular ase of our beam guiding ongurations.
It is interesting to stress that all other beam-guiding eld ongurations do not belong to the vortex eld
lass.
The artile is organized as follows: rst, we desribe potentials for the above mentioned ombination of
eletromagneti elds and we study lassial partile motion (that is, solutions of the Lorentz equations) in
suh elds. Then, we present an analysis that allows one to deide whih elds from the ombination at as a
beam guide for harged partiles. We nd some time-independent and time-dependent ongurations with
beam guiding properties. Finally, we study solutions of the Klein-Gordon and Dira equations ontaining
all the elds from the ombination and we prove that these solutions form omplete and orthogonal sets
of funtions. In the Appendix, we plae some tehnial results.
The eletromagneti elds we onsider are dened by the following potentials
1
:
A0 =
1
2
[G (ξ)−A] , A1 = Ax = −F1 (ξ)−H (ξ) y ,
A2 = Ay = −F2 (ξ) +H (ξ)x, A
3 = Az = −
1
2
[G (ξ) +A] , (1)
where
A = R11 (ξ)x
2 + 2R12 (ξ)xy +R22 (ξ) y
2, ξ = x0 − z = ct− z ,
and G (ξ), H (ξ), Fi (ξ), Ri j (ξ) = Rj i (ξ) , i, j = 1, 2, are arbitrary funtions of ξ. The orresponding
eletromagneti elds have the form
Ex = Hy = F
′
1 (ξ) +R11 (ξ)x+ [R12 (ξ) +H
′ (ξ)] y, Ez = G
′ (ξ) ,
Ey = −Hx = F
′
2 (ξ) + [R12 (ξ)−H
′ (ξ)]x+R22 (ξ) y, Hz = 2H (ξ) . (2)
They onsist of rossed elds and longitudinal eletri and magneti elds propagating along the z-axis.
In the general ase, amplitudes of the rossed elds depend linearly on the oordinates x, y.
The Maxwell urrent determined by the eld (2) has the form
jµ =
c
4pi
(ρ, 0, 0, ρ) , ρ = ρ (ξ) = R11 (ξ) +R22 (ξ)− G
′′ (ξ) . (3)
2 Classial motion
Let us rst examine the lassial Lorentz equations
m0c
2u˙0 = e (uE) , m0c
2
u˙ = eEu0 + e [u×H] ,
(
u0
)2
− u2 = 1 , (4)
where
uµ =
dxµ
ds
= x˙µ =
(
u0,u
)
, ds2 = ηµ νdx
µdxν , ηµ ν = diag (1,−1,−1,−1) .
And the HamiltonJaobi equation is
(
∂ 0S +
e
c
A0
)2
−
(
∇S −
e
c
A
)2
−m20c
2 = 0 , (5)
where S is the lassial ation. From equations (4) obviously follow the equations for the kineti momenta
Pµ = m0c u
µ =
(
P 0,P
)
:
m0c
2P˙ 0 = e (PE) , m0c
2
P˙ = eP 0E+ e [P×H] ,
(
P 0
)2
−P2 = m20c
2 . (6)
1
The four-dimensional oordinates of a partile are denoted as xµ =
`
x0 = ct, x1 = x, x2 = y, x3 = z
´
, µ = 0, 1, 2, 3,
where c is the speed of light. Contravariant and ovariant four-vetors are often represented in the form
a
µ
=
`
a
0
, a
i
´
=
`
a
0
, a
´
, a =
`
a
i
´
, a
1
= ax, a
2
= ay , a
3
= az ,
aµ = ηµνa
ν
, a
µ
= η
µν
aν .
Three-vetors are indiated by boldfae letters.
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In partiular, from (6), with allowane made for (2), we easily obtain
m0c
2 P˙z = e (PE) + e
(
P 0 − Pz
)
Ez . (7)
Let us introdue the generalized momenta pµ aording to the well-known relations
Pµ = pµ −
e
c
Aµ, pµ = −∂µS . (8)
One an easily prove that the quantity
Λ = p0 − pz (9)
is an integral of motion. Indeed, (8) implies
Λ = p0 − pz = P
0 − Pz +
e
c
G (ξ) . (10)
Hene, we obtain
Λ˙ = P˙ 0 − P˙z +
e
c
G′ (ξ) ξ˙ = P˙ 0 − P˙z +
e
c
Ez ξ˙ . (11)
Taking into aount the obvious relation
ξ˙ = x˙0 − z˙ = u0 − uz =
P 0 − Pz
m0c
(12)
and the equations (6) and (7), we nd that (11) implies Λ˙ = 0, whih ompletes the proof.
Let us introdue the notation
Λ = ~λ, g (ξ) =
e
c~
G (ξ) , p (ξ) = λ− g (ξ) , m =
m0c
~
. (13)
Then (10) an be rewritten as
P 0 − Pz = ~p (ξ) , (14)
and (12) implies
mξ˙ = p (ξ) =⇒ s =
∫
mdξ
p (ξ)
, (15)
whih relates the proper time and the parameter ξ.
In what follows, we denote
rij (ξ) = rji (ξ) =
e
c~
Rij (ξ) , Fi (ξ) =
e
c~
Fi (ξ) , (i, j = 1, 2) , H (ξ) =
e
c~
H (ξ) , S =
1
~
S . (16)
Let us also introdue a 2× 2 symmetri matrix r = r (ξ) and the two-dimensional olumns F = F (ξ) and
v,
r =
(
r11 (ξ) r12 (ξ)
r12 (ξ) r22 (ξ)
)
, F =
(
F1 (ξ)
F2 (ξ)
)
, v =
(
x
y
)
. (17)
The omplete integral of the HamiltonJaobi equations (5) for the elds (2) an be presented as
S = −
1
2
[
λ
(
x0 + z
)
+ Γ
]
, Γ = v+fv + χ+v + v+χ+ F+v + v+F +
∫ (
χ+χ+m2
)
p−1 (ξ) dξ , (18)
where the 2× 2 real symmetri matrix f = f (ξ),
f =
(
f11 (ξ) f12 (ξ)
f12 (ξ) f22 (ξ)
)
,
and the real two-olumn χ = χ (ξ) satisfy the equations (see Appendix I)
p (ξ) [f ′ (ξ) + r (ξ)]− [f (ξ) + iH (ξ) σ2] [f (ξ)− iH (ξ) σ2] = 0 , (19)
p (ξ) [χ ′ (ξ) + F ′ (ξ)]− [f (ξ) + iH (ξ)σ2]χ (ξ) = 0 . (20)
Here, σ2 is a Pauli matrix.
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Using (19) and (20), we an see that the three independent funtions fij (ξ) provide a solution to a set
of three rst-order non-linear equations, while the two funtions χi (ξ) obey a set of two linear rst-order
inhomogenous equations, where the funtions fij (ξ) are assumed to be known. One should look for a
partiular solution of equations (19), and so the general solution of (20) has the struture
χ (ξ) = k1χ
(1) (ξ) + k2χ
(2) (ξ) + χ¯ (ξ) . (21)
Here, χ¯ (ξ) is a partiular solution for the set of inhomogenous equations (20); χ(1) (ξ) and χ(2) (ξ) provide
a fundamental system of solutions for the set of homogeneous equations (20); k1 and k2 are arbitrary
onstants (two integrals of motion). Thus, the omplete integral (18) of the HamiltonJaobi equations
(5) depends on three integrals of motion, λ, k1 and k2.
Having at one's disposal solutions of the equations (19) and (20), one an easily nd rst integrals of
the Lorentz equations. Using (4), with allowane made for (15), one readily obtains a set of equations for
the oordinates x and y as funtions of the variable ξ in the following matrix form:
p (ξ) v′′ (ξ) + p′ (ξ) v′ (ξ)− [r (ξ) + iH ′ (ξ)σ2] v (ξ)− 2iH (ξ) v
′ (ξ)− F ′ (ξ) = 0 . (22)
One an easily prove that this equation an be integrated one,
p (ξ) v′ (ξ) + [f (ξ)− iH (ξ) σ2] v (ξ) + χ (ξ) = 0 (23)
(see Appendix II).
Using identity (6) for the kineti momenta, relations (14) and (16), we nd
(P 0 − Pz)(P
0 + Pz) = m
2
0c
2 + P 2x + P
2
y =⇒ (P
0 − Pz)(P
0 − Pz + 2Pz)
= m20c
2 + P 2x + P
2
y =⇒ p
2 (ξ) [1 + 2z ′ (ξ)] = m2 + p2 (ξ) v′+ (ξ) v′ (ξ) ,
the oordinate z being a funtion of the variable ξ. We nally obtain
2z ′ (ξ)−m2p−2 (ξ)− v′+ (ξ) v′ (ξ) + 1 = 0 . (24)
Expressions (23) and (24) are rst integrals of the Lorentz equations.
3 Crossed elds and beam guides
In this setion we study a partiular ase of the eld (2) in the absene of the longitudinal eld, i.e., pure
rossed-elds, and disuss how these kinds of elds an be used to reate a beam guide for harged partiles,
i.e., elds that limit the motion of the harge around some given trajetories. These guides trap the harge
in a bidimensional plane perpendiular to its trajetory and they are ommonly used in many pratial
appliations, e.g., quantum omputation [19℄, high resolution spetrosopy [20℄, non-neutral plasma physis
[21℄, and mass spetrosopy [22℄. We will demonstrate that the Lorentz equations for these rossed-elds
an be redued to the lassial Newton equation with a bidimensional eetive potential. As an example we
disuss a beam guide reated by an eletromagneti vortex [15℄. Dierent from the approximated lassial
analogues used to explain the operation of some RF traps [23℄, the analysis developed here is exat and
an be used to desribe the preise relativisti motion of the harge.
In the absene of the longitudinal eld, we have
Ez = G
′ (ξ) = Hz = H (ξ) = 0 . (25)
As the only inuene of the onstant G manifests itself through the z-omponent of the eletri eld, we
an set G = 0. So our potential (1) takes the form
A0 = Az = −
1
2
A, Ax = −F1 (ξ) , Ay = −F2 (ξ) ,
A = R11 (ξ)x
2 + 2R12 (ξ) xy +R22 (ξ) y
2, ξ = x0 − z . (26)
Whene, the elds
Ex = Hy = F
′
1 (ξ) +R11 (ξ)x+R12 (ξ) y ,
Ey = −Hx = F
′
2 (ξ) +R12 (ξ)x+R22 (ξ) y . (27)
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For these elds we an identify the integral of motion (10) with the light-front energy E = λ/m, and the
parameter ξ is diretly proportional to the proper time s, (15) s = mξ/λ, with λ and m given by (13).
Substituting the elds (27) in the Lorentz equation (4) we obtain:
mP˙⊥ = λP
′
⊥ = eλE⊥ = −eλ (∇⊥A0 + ∂0A⊥) (28)
where the symbol ⊥ indiates the perpendiular x and y omponents of the vetors, e.g., ∇⊥ = (∂x, ∂y).
We an eliminate the perpendiular omponents A⊥ of the potential (26) using the gauge transformation
A˜µ (ξ, x, y) = Aµ (ξ, x, y) + ∂µφ (ξ, x, y) ,
φ (ξ, x, y) = xF1 (ξ) + yF2 (ξ) .
So, making use of P
′
⊥
= ~λx′′
⊥
, the equation (28) beomes
λx′′⊥ = −
e
~
∇⊥A˜0 . (29)
We an identify the above expression with Newton's non-relativisti equation for the two-dimensional
motion of a partile with eetive mass λ moving in the eetive potential
U (ξ, x, y) =
e
~
A˜0 =
e
~
[
xF ′1 (ξ) + yF
′
2 (ξ)−
1
2
A (ξ, x, y)
]
. (30)
Therefore, we an nd elds that trap a harge in some point of the x, y-plane without expliitly solving
the Lorentz equations, just by looking for funtions A,F1 and F2 for whih the assoiated potential U is
apable of limiting the lassial motion of a partile of mass λ around this point.
For the speial ase of a plane-wave, where E = E (ξ) and H = H (ξ), we have A = 0, whih generates
the eetive potential
U (ξ, x, y) =
e
~
[xF ′1 (ξ) + yF
′
2 (ξ)] , (31)
and onsequently reates a fore ~F⊥ = e (F
′
1,F
′
2) that does not depend on the x, y oordinates. So
although a plane-wave may limit the motion of a harge around some point, it is not possible to x the
position of this point only by manipulating the elds.
3.1 Time-independent elds
For a time-independent potential, the boundary trajetories an be found by looking for the minima of the
surfae U (x, y). These points an be found using the standard proedure to determine the maxima and
minima of a funtion of several variables [24℄. A point (x0, y0) will be an extreme if the rst derivatives
∂U/∂x and ∂U/∂y vanish at this point, and this extreme will be a minimum if the seond derivative
∂2U/∂x2 and the disriminant D (x, y) are positive at (x0, y0),
D (x0, y0) =
(
∂2U
∂x2
∂2U
∂y2
)
−
(
∂2U
∂x∂y
)2
> 0 ,
∂2U
∂x2
∣∣∣∣
x0,y0
> 0 . (32)
In the ase of a time-independent potential, the expression (30) for U assumes the form
U (x, y) =
e
~
[
xC1 + yC2 −
1
2
(
x2R11 + 2xyR12 + y
2R22
)]
, (33)
where Ci and Rij (i, j = 1, 2) are onstants. So the ondition (32) implies
R11 < 0 and R11R22 > (R12)
2
, (34)
and, onsequently, R22 < 0 and detR 6= 0. Therefore, the minimum for the potential (33), under the above
restritions (whih is the unique extreme point of U and, onsequently, a global minimum), is the point
x0 =
R22C1 −R12C2
detR
, y0 =
R11C2 −R12C1
detR
.
However, the elds (27) assoiated to the potential (33),
Ex = Hy = C1 − x |R11| − y |R12| ,
Ey = −Hx = C2 − x |R12| − y |R22| ,
orrespond to a problem of a onstant harge density in the x, y plane and a onstant urrent density in
the z diretion, whih is nonrealisti.
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3.2 Periodi time-dependent elds
For a periodi time-dependent potential, and the speial ase of linear (or quasi-linear
2
) systems (whih
inludes the ase of quadratis potentials (30)), where we have
∇⊥A˜0 = M (t)x⊥ ,
with M (t) a periodi time-dependent 2× 2 matrix, the stability of the potential (30) an be studied using
the Lyapunov riteria [25℄. To use these riteria, we rst substitute Newton's seond order equation (29)
by a pair of rst order equations making u⊥ = x
′
⊥
, that turns (29) equivalent to
V
′
⊥ = ΞV⊥ , V⊥ =
(
x⊥
u⊥
)
, Ξ (t) =
(
0 I
M (t) 0
)
. (35)
The motion is alled stable around the point (0, 0) if, for every ε > 0 we an nd a δ > 0 suh that for
arbitrary initials values V⊥ (0) with moduli less than δ the oordinates V⊥ (t) remain of moduli less than
ε for all the time t ≥ 0, i.e., the motion is stable if
∨ε > 0, ∃ δ > 0 ∴ |V⊥ (0)| < δ =⇒ |V⊥ (t)| < ε (t ≥ 0) .
For periodi time-dependent M (t) there always exists a transformation R that leads to a stati problem
Ξ˜ = RΞR−1 = const. having the same stability harater as Ξ (see [25℄, Vol. II, p.119). So, after applying
this transformation, the stability of the system an be analyzed by nding the roots λk of the harateristi
polynomial
det
(
Ξ˜− λI
)
= 0 . (36)
The system is stable if:
1. Re (λk) ≤ 0, for all λk;
2. The pure imaginary harateristi values Re (λk) = 0 (if any suh exist) are simple roots.
If at least one of the above onditions is violated the system will be unstable.
Let us use the above proedure to analyze the elds generated by the funtions (60) of the next setion,
for a pure rossed eld (H = 0). In this ase, we have
R11 (ξ) = C1 + C2 cosωξ, R22 (ξ) = C1 − C2 cosωξ ,
R12 (ξ) = C2 sinωξ , F1 = F2 = 0 , ω, C1,2 = const.
Substituting these values in (30) we obtain the eetive potential
U (ξ, x, y) = −
e
2~
[(
x2 + y2
)
C1 +
(
x2 − y2
)
C2 cosωξ + 2xyC2 sinωξ
]
. (37)
Changing to a rotating frame, that is, making the transformation,
x˜⊥ = Rx⊥ , R (ξ) =
(
cos (ωξ/2) sin (ωξ/2)
− sin (ωξ/2) cos (ωξ/2)
)
, (38)
the potential (37) beomes the following time-independent expression:
U˜ (x˜, y˜) = −
e
2~
((
x˜2 + y˜2
)
C1 +
(
x˜2 − y˜2
)
C2
)
. (39)
In the rotating frame the equation of motion (29) beomes
x˜
′′
⊥ =
(
RMR−1 −R
(
R−1
)′′)
x˜⊥ − 2R
(
R−1
)′
x˜
′
⊥ ,
M (ξ) =
e
λ~
(
C1 + C2 cos (ωξ) C2 sin (ωξ)
C2 sin (ωξ) C1 − C2 cos (ωξ)
)
, (40)
2
That is, speial systems for whih the non-linear terms an be negleted. see Chapter XIV of [25℄.
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and the expression (35) assumes the form
V˜
′
⊥ = Ξ˜V˜⊥ , V˜⊥ =
(
x˜⊥
u˜⊥
)
, Ξ˜ =
(
0 I
RMR−1 −R
(
R−1
)′′
−2R
(
R−1
)′ ) ,
where, from (38) and (40), we see that Ξ˜ is the onstant matrix
Ξ˜ =
(
0 I
c1 + c2σ3 + ω
2/4 iσ2ω
)
, ci =
eCi
λ~
,
where σi are the Pauli matries. The roots λk of the harateristi polynomial (36) are
λ1 = −λ2 =
1
2
√
4c1 − ω2 + 4
√
c22 − ω
2c1 ,
λ3 = −λ4 =
1
2
√
4c1 − ω2 − 4
√
c22 − ω
2c1 . (41)
Sine eah eigenvalue has a negative partner, the two Lyapunov onditions will be satised only if Re (λk) =
0.
The vortex eld analyzed in [15℄ is a speial ase of (37) for C1 = 0 and C2 = B0ω. In this ase, the
onstant potential (39) beomes
U˜ (x˜, y˜) = −
eB0ω
2~
(
x˜2 − y˜2
)
. (42)
This potential desribes the surfae of a saddle that rotates (by 38) in the x, y plane with angular veloity
ω/2 in time ξ (or angular veloity Ω/2 = ωλ/2m in the proper time s). The lassial motion of a partile
in suh a rotating-saddle potential is well known [23℄. However, we were able to obtain some information
about the trajetories without really solving the equations of motion.
The ondition Re (λk) = 0 for the eigenvalues (41) related to the potential (42) determines the expres-
sion
|ω| ≥
4e
λ~
|B0| . (43)
This inequality gives us a ondition for whih the potential (42) generates bounded trajetories. The above
result onurs with the ondition obtained in [15℄ by solving Lorentz's equation (4) or the one obtained in
[23℄ by solving the Newton's equation (29).
4 Solutions of Klein-Gordon and Dira equations
Solutions of the KleinGordon equation Φλ,k (ξ, η, x, y) for the elds (2), labeled by the three integrals of
motion λ (see 13)) and k = (k1, k2) (see (21)), read:
Φλ,k (ξ, η, x y) = N0p
−1/2 (ξ)
√
∆(ξ) exp (iS) ,
∆(ξ) = detB (ξ) , B (ξ) =
(
χ
(1)
1 (ξ) χ
(2)
1 (ξ)
χ
(1)
2 (ξ) χ
(2)
2 (ξ)
)
,
η = x0 + z = ct+ z , (44)
where N0 is a normalization fator and χ
(s)
s ′ (ξ) (s, s
′ = 1, 2) are the spinor omponents χ(s) (ξ) introdued
in (21),
χ(s) =
(
χ
(s)
1 (ξ)
χ
(s)
2 (ξ)
)
, s = 1, 2 . (45)
This fat an be diretly veried by taking into aount that the funtion ∆(ξ) obeys the equation
p
d∆
dξ
= (trf )∆ , (46)
whih is a onsequene of the uniform set (20). Indeed, the spinors χ(s) obey the following equation:(
χ(s)
)′
= p−1 [f + iHσ2]χ
(s) ⇐⇒
(
χ(s)+
)′
= p−1χ(s)+ [f − iHσ2] . (47)
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The linear independene of the spinors χ(s) implies that the matrix B from (44) is nonsingular, i.e.,
∆ = detB = χ
(1)
1 (ξ)χ
(2)
2 (ξ)− χ
(1)
2 (ξ)χ
(2)
1 (ξ) 6= 0 . (48)
The funtion ∆ an be easily alulated. One an see that for real spinors χ(s) the following relations hold
∆ = iχ(1)+σ2χ
(2) =⇒ ∆′ = i
(
χ(1)+
)′
σ2χ
(2) + iχ(1)+σ2
(
χ(2)
)′
. (49)
Then, using (47), we nd
∆′ = p−1χ(1)+ [ifσ2 +H + iσ2f −H ]χ
(2) = p−1χ(1)+ [ifσ2 + iσ2f ]χ
(2) .
With the help of an evident identity
ifσ2 + iσ2f = (trf ) iσ2 ,
we nally nd (46).
Solutions of the Dira equation Ψλ, k (ξ, η, x, y) for the elds in question an be presented in a blok
form by using the two-dimensional Pauli matries:
Ψλ,k (ξ, η, x, y) = Np
−1 (ξ)
√
∆(ξ) exp [iS]
(
m+ p (ξ)− σ3 (σ̥)
[m− p (ξ)]σ3 − (σ̥)
)
V (ξ) . (50)
Here, the two-omponent spinor V (ξ) reads
V (ξ) = [cosT (ξ) + iσ3 sinT (ξ)]V0 , (51)
where V0 is an arbitrary onstant two-omponent spinor, and we also denote
T (ξ) =
∫
H (ξ) p−1 (ξ) dξ . (52)
The omponents ̥i, i = 1, 2, 3 of the vetor ̥ have the form
̥1 = f11 (ξ)x+ [f12 (ξ)−H (ξ)] y + χ1 (ξ) , ̥2 = [f12 (ξ) +H (ξ)]x+ f22 (ξ) y + χ1 (ξ) , ̥3 = 0 .
Therefore, the lassial and quantum-mehanial problems are redued to the solution of the equations
(19) and (20).
We will demonstrate that for a omplete solution of the problem it is suient to nd a speial partiular
solution of equations (19).
The non-linear set of equations (19) an be linearized by the following substitution:
f (ξ) = p (ξ) [cosT (ξ) + iσ2 sinT (ξ)]Z
′ (ξ)Z−1 (ξ) [cosT (ξ)− iσ2 sinT (ξ)] , (53)
where Z (ξ) is a non-degenerate seond-order matrix. Using (19), we nd a linear seond-order equation
for the matrix Z (ξ),
p2 (ξ)Z ′′ (ξ) + p (ξ) p′ (ξ)Z ′ (ξ) +
[
H2 (ξ)− p (ξ) r¯ (ξ)
]
Z (ξ) = 0 ,
r¯ (ξ) ≡ [cosT (ξ)− iσ2 sinT (ξ)] r (ξ) [cosT (ξ) + iσ2 sinT (ξ)] . (54)
A diret alulation yields
r¯11 (ξ) =
1
2
r11 (ξ) [1 + cos 2T (ξ)] +
1
2
r22 (ξ) [1− cos 2T (ξ)]− r12 (ξ) sin 2T (ξ) ,
r¯12 (ξ) = r¯21 (ξ) = r12 (ξ) cos 2T (ξ) +
1
2
[r11 (ξ)− r22 (ξ)] sin 2T (ξ) ,
r¯22 (ξ) =
1
2
r22 (ξ) [1 + cos 2T (ξ)] +
1
2
r11 (ξ) [1− cos 2T (ξ)] + r12 (ξ) sin 2T (ξ) . (55)
In order that the matrix f (ξ) be real and symmetri, one has to look for real solutions of the equations
(54) that obey the subsidiary ondition (the symbol ∼ stands for transposition)
J (ξ) = J˜ (ξ) , J (ξ) ≡ Z ′ (ξ)Z−1 (ξ) . (56)
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Suh solutions of (54) always exist, sine, in aordane with (54), one easily nds an equation for J (ξ),
p2 (ξ)J ′ (ξ) + p2 (ξ) J2 (ξ) + p (ξ) p′ (ξ) J (ξ) +H2 (ξ)− p (ξ) r¯ (ξ) = 0 . (57)
Transposing this equation and using the property
˜¯r (ξ) = r¯ (ξ), we nd that the equations for J (ξ) and
J˜ (ξ) are the same, whih proves the existene of solutions that satisfy (56).
Having at one's disposal a partiular solution of equations (54) that satises the ondition (56), one
an integrate the equations (20) and (23) by quadratures. Indeed, a diret veriation shows that the
expressions
v = [cosT (ξ) + iσ2 sinT (ξ)]Z (ξ)
{
v0 −
∫
Z−1 (ξ) [cosT (ξ)− iσ2 sinT (ξ)]χ (ξ) p
−1 (ξ) dξ
}
,
χ = [cosT (ξ) + iσ2 sinT (ξ)] Z˜
−1 (ξ)
{
K −
∫
Z˜ (ξ) [cosT (ξ)− iσ2 sinT (ξ)]F
′ (ξ) dξ
}
, (58)
obey equations (20) and (23), respetively, where K is a olumn with omponents k1 and k2, and v0 is a
onstant two-omponent spinor.
Motion in the elds of the type (2) has been studied in previous works. The authors of [26℄ found
the symmetry operators for these elds, and the authors of [27, 28, 29, 30℄ found solutions for numerous
spei elds of this kind. However, in all these spei elds there exist ertain transformations that
diagonalize r¯ (ξ), so that the set of equations (54) splits into independent linear equations of seond order.
A onsiderable progress was made in the work [15℄, whih was the rst to present exat solutions for
a spei eld that does not admit any transformations leading to the separation of equations (54) into
independent equations of seond order. The author of [15℄ examined a partiular ase of the elds (2) with
the following hoie of funtions:
Fi (ξ) = H (ξ) = g (ξ) = 0, r11 (ξ) = −r22 (ξ) = c cosωξ, r12 (ξ) = c sinωξ , (59)
where ω and c are some onstants. The solutions of the equations in [15℄ were obtained in a dierent
manner from that of the approah of the present work, and they depend essentially on the spei form of
the elds.
Let us note that in the present approah there is no neessity to assume Fi (ξ) = 0, beause these
funtions do not enter the set of equations (54), and so they may be left arbitrary.
We have sueeded in nding solutions for the elds dened by the following funtions:
g (ξ) = 0, H (ξ) = H = const, r11 (ξ) = c1 + c2 cosωξ ,
r22 (ξ) = c1 − c2 cosωξ, r12 (ξ) = c2 sinωξ, ω, c1,2 = const . (60)
A peuliarity of (60) is the presene of a onstant and homogenous magneti eld. Expressions (59) provide
a partiular ase of (60) with H = c1 = 0.
It is easy to see that in the ase of the funtions (60), the equation (54) an be written in the form
λ2Z ′′ +
[
H2 − λc1 − λc2 (σl)
]
Z = 0, l = (sinΩ ξ, 0, cosΩ ξ) , (61)
where T is
T (ξ) =
Hξ
λ
, Ω = ω +
2H
λ
.
For c2 = 0, solutions of this equation are known [18, 28, 29, 30℄, and therefore we only need to examine
the ase c2 6= 0. A diret veriation shows that the expressions
Z11 = A
[
α cos
Ωx
2
cosαξ +
(
Ω
2
+
γ + c2
λΩ
)
sin
Ωx
2
sinαξ
]
,
Z21 = A
[
α sin
Ωx
2
cosαξ −
(
Ω
2
+
γ + c2
λΩ
)
cos
Ωx
2
sinαξ
]
,
Z12 = B
[
β sin
Ωx
2
sinβξ +
(
Ω
2
−
γ + c2
λΩ
)
cos
Ωx
2
cosβξ
]
,
Z22 = −B
[
β cos
Ωx
2
sinβξ −
(
Ω
2
−
γ + c2
λΩ
)
sin
Ωx
2
cosβξ
]
, (62)
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where
α2 =
H2 − λc1
λ2
+
Ω2
4
+
γ
λ
, β2 =
H2 − λc1
λ2
+
Ω2
4
−
γ
λ
,
γ2 = c22 + (H
2 − λc1)Ω
2, A, B = const.
give a solution for the equations (61) that satises the ondition (56). The signs of the quantities α, β, γ
may be hosen arbitrarily. The quantity γ is either real or purely imaginary; the quantities α, β may be
omplex. For omplex α, β, in view of the linear harater of equations (61), the real and imaginary parts
of (62) separately provide the sought solutions. The expressions (62) admit a ontinuous limiting proess
Ω → 0 in ase the sign of γ (γ being real when Ω → 0) is hosen to obey the ondition c2γ < 0. By
arrying out this limiting proess (and redening the onstants A,B) we nd, due to (62) and Ω = 0, that
Z (ξ) =
(
A cosαξ 0
0 B sinβξ
)
,
α2 =
(
H2 − λc1 − λc2
)
λ−2
β2 =
(
H2 − λc1 + λc2
)
λ−2
. (63)
The alulation of the quantities f (ξ) , χ (ξ) , v (ξ), with the help of formulas (53) and (58), is redued to
simple algebrai manipulations and integrations of elementary funtions, whih we omit.
5 Orthogonality and ompleteness relations
In the ase under onsideration, it is onvenient to dene inner produts for both salar and spinor wave
funtions on the null-plane ξ = const, see for details [31, 32℄. Suh an inner produt for salar wave
funtions is
(Φ1, Φ2)ξ =
∫ {[
QˆΦ1 (ξ, η, x, y)
]∗
Φ2 (ξ, η, x, y)
+Φ∗1 (ξ, η, x, y) QˆΦ2 (ξ, η, x, y)
}
dηdxdy , (64)
where
Qˆ =
Pˆ0 − Pˆz
~
= 2i
∂
∂η
− g (ξ) .
For spinor wave funtions, the inner produt on the null-plane has the form
〈Ψ1, Ψ2〉ξ =
∫
Ψ+1(−) (ξ, η, x, y)Ψ2(−) (ξ, η, x, y) dηdxdy ,
Ψ(−)=ˆP(−)Ψ, Pˆ(−) =
1
2
(1− α3) =
1
2
(
I −σ3
−σ3 I
)
. (65)
One an verify that salar wave funtions (44) obey the orthonormality ondition
(Φλ′,k′ , Φλ,k)ξ = ε δ (λ
′ − λ) δ (k′1 − k1) δ (k
′
2 − k2) , ε = p (ξ) |p (ξ) |
−1 , (66)
provided N0 =
(
32pi3
)−1/2
. First we note that the following relation holds
QˆΦλ,k (ξ, η, x, y) = p (ξ) Φλ,k (ξ, η, x, y) . (67)
Then, integration over the variable η is redued to the alulation of the integral∫ ∞
−∞
exp
[
i
2
(λ′ − λ) η
]
dη = 4piδ (λ′ − λ) . (68)
Therefore, we an set λ′ = λ in the integral over x, y. The latter is redued to the following integral
J =
∫ ∞
−∞
dx
∫ ∞
−∞
dy exp
[
ix
∑
s=1, 2
χ
(s)
1 (ξ) (k
′
s − ks) + iy
∑
s=1, 2
χ
(s)
2 (ξ) (k
′
s − ks)
]
= 4pi2δ
( ∑
s=1, 2
χ
(s)
1 (ξ) (k
′
s − ks)
)
δ
( ∑
s=1, 2
χ
(s)
2 (ξ) (k
′
s − ks)
)
. (69)
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The produt of two δ-funtions in the right hand side of (69) an be transformed if we take into aount
the following fat: Let a be a nonsingular 2 × 2 matrix, det a 6= 0, with matrix elements aij . Then the
relation holds
δ (a11z1 + a12z2) δ (a21z1 + a22z2) = | det a|
−1δ (z1) δ (z2) . (70)
Setting in (70): aij = χ
(j)
i (ξ) , z1 = k
′
1 − k1, z2 = k
′
2 − k2, we obtain
J = 4pi2|∆(ξ) |−1δ (k′1 − k1) δ (k
′
2 − k2) , (71)
where ∆(ξ) is given by (48). Then the result (66) follows.
The onstant spinor V0 in solutions (51) is related to an additional (spinning) integral of motion, see
for details [30, 31℄. So the spinor V0 (and therefore the Dira wave funtion as well) depends on a spinning
quantum number ζ = ±1, V0 = V0 (ζ). It is always possible to hoose V0 (ζ) suh that it obeys the
following relations of orthonormality and ompleteness:
V +0 (ζ
′)V0 (ζ) = δ ζ, ζ ′ ;
∑
ζ=±1
V0 (ζ) V
+
0 (ζ) = I . (72)
Taking into aount (72) and the relation
Ψ(−)λ, k, ζ (ξ, η, x, y) = (32pi
3)−1/2∆1/2 (ξ) exp (iS)
(
I
−σ3
)
V (ξ) , (73)
we an verify that the spinor wave funtions (51) obey the orthonormality ondition
〈Ψλ′,k′, ζ ′ , Ψλ,k, ζ 〉ξ = δ (λ
′ − λ) δ (k′1 − k1) δ (k
′
2 − k2) δζ, ζ ′ (74)
provided N = (32pi3)−1/2.
The solutions (44) and (51) form omplete sets of funtions on the null-plane ξ = const.
For salar wave funtions (44), we onsider the following integral:
M = 2
∫ ∞
−∞
dλ
∫ ∞
−∞
dk1
∫ ∞
−∞
dk2 |p (ξ) |Φ
∗
λ,k(ξ, η
′, x′, y′)Φλ,k (ξ, η, x, y) . (75)
Integrating over the variables k1, k2 leads us to the integral:
M1 =
∫ ∞
−∞
dk1
∫ ∞
−∞
dk2 exp
(
iR(1)k1 + iR
(2)k2
)
= 4pi2δ
(
R(1)
)
δ
(
R(2)
)
,
R(s) = χ
(s)
1 (ξ) (x
′ − x) + χ
(s)
2 (ξ) (y
′ − y) , s = 1, 2 .
This expression has the form (70), where a = B˜ (ξ) is the transpose of the matrix B in (44), and z1 =
x′ − x, z2 = y
′ − y. Thus we obtain:
M1 = 4pi
2|∆(ξ) |−1δ (x′ − x) δ (y′ − y) . (76)
After that one an easily integrate over λ in (75) to get the following ompleteness relation:
2
∫ ∞
−∞
dλ
∫ ∞
−∞
dk1
∫ ∞
−∞
dk2 |p (ξ) |Φ
∗
λ,k (ξ, η
′, x′, y′) Φλ, k (ξ, η, x, y)
= δ (x′ − x) δ (y′ − y) δ (η′ − η) .
Similar alulations an be performed in the spinor ase. Here we have additionally to use the seond
relation (72) to get a ompleteness relation for the solutions (51):
∑
ζ=±1
∫ ∞
−∞
dλ
∫ ∞
−∞
dk1
∫ ∞
−∞
dk2 Ψ
+
(−)λ,k, ζ (ξ, η
′, x′, y′) Ψ(−)λ,k, ζ (ξ, η, x, y)
= δ (x′ − x) δ (y′ − y) δ (η′ − η) Pˆ(−) .
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Appendix
I. Equations (19) and (20) are obtained as follows. We searh for a omplete integral of the Hamilton
Jaobi equations (5) in the form
S = −
1
2
[
λ
(
x0 + z
)
+ Γ
]
, (77)
with the funtion Γ is
Γ = f11 (ξ) x
2 + 2f12 (ξ)xy + f22 (ξ) y
2 + 2 [χ1 (ξ) + F1 (ξ)]x+ 2 [χ2 (ξ) + F2 (ξ)] y + α (ξ) . (78)
Here, fij (ξ) , χi (ξ), and α (ξ) are unknown funtions of the variable ξ. Substituting the expression (77),
with allowane made for (78), into equation (5), we obtain a quadrati form in x, y, with oeients being
funtions of ξ, that must be identially zero, whih is only possible when eah oeient is equal to zero.
Hene, we obtain the following equations:
p (f ′11 + r11)− f
2
11 − (f12 +H)
2
= 0 , (79)
p (f ′22 + r22)− f
2
22 − (f12 −H)
2
= 0 , (80)
p (f ′12 + r12)− f11 (f12 −H)− f22 (f12 +H) = 0 , (81)
p (χ′1 + F
′
1)− f11χ1 − (f12 +H)χ2 = 0 , (82)
p (χ′2 + F
′
2)− f22χ2 − (f12 −H)χ1 = 0 , (83)
p α ′ − χ21 − χ
2
2 −m
2 = 0 . (84)
Owing to (84), the expressions (18) and (78) for the funtion Γ are idential. It is easy to see that the set
of equations (79)(81) oinides with the matrix equation (19), and the set of equations (82)(83) has the
matrix form (20).
II. Let us show that the equation (22) is a onsequene of the equation (23). To this end, we dierentiate
(23) with respet to the variable ξ,
pv′′ + p ′v′ + [f ′ − iH ′σ2] v + [f − iHσ2] v
′ + χ′ = 0 . (85)
However, the left-hand side of (85) satises the identity
pv′′ + p ′v′ + [f ′ − iH ′σ2] v + [f − iHσ2] v
′ + χ′ = A+B ,
A = pv′′ + p′v′ − [r + iH ′σ2] v − 2iHσ2v
′ ,
B = [f ′ + r] v + [f + iHσ2] v
′ + χ′ . (86)
In the expression for B we now substitute f ′ from (19), χ′ from (20), and v′ from (23), and thus we easily
nd that B = −F ′ and that A+B is idential to the left-hand side of (22), whih ompletes the proof.
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